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Abstract

Someproblemsaredif cult toinvestigateexperimentally In thesecases,
if theunderlyingreal systemmay be approximatedy a simplemodel,then
the problemcanbe simulatedon a computer This paperwill discussone
suchmethodof simulation theVerletmethodfor integratingNewton'sequa-
tions of motion,asappliedto interactinggalaxies.



1 Intr oduction

The aim of the problemis to describethe interactionof galaxiesdueto gravi-
tational attraction. The starsthat make up the galaxieswill be representedby
simulatedparticles'. However dueto the computationalimits, eachparticlewill
representnary stars.The starsin the centreof the galaxywill berepresentety
a singleparticleof unit mass,andthe starssurroundinghis centralmasswill be
representedly severalconcentriaingsof 'testparticles'with zeromass.Because
computingalgorithmswork bestwith numbersnearunity, the variablesin this
simulationhave beenscaledsuchthattheir valuesarenearunity. Hencewe take
the galaxiesashaving unit masswith G=1asthegravitational constant.

Therewill be ve concentricrings aroundthe centralmasswith radius2, 3,
4,5, 6 'units', with 12,18, 24, 30, 36 particlesin eachring respectiely. Initially
thetestparticlesin thering will bemoving in acircularorbit, againfor simplicity.
The simulationtheninvolveshow two of thesegalaxiesinteract,whenthey arein
variousorbits with respecto eachother We areinterestedn the motion of the
testparticlesdueto their gravitational attractionwith the two centralmassesas
thetwo galaxiesmove past(or around)eachother



2 Analysis
2.1 Verlet Method

We will usetheVerletMethodto solve Newton'sequation®f motionnumerically
We startwith a Taylor expansiorof the positionasafunctionof time, afterasmall
time-steph:
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if weignoretermsof orderh®. Equationl doesnt includethe velocity, which
is givenby subtractingour rst two equations:
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We cannow recasEquationsl and2 de ned atthesameime (t + h) by taking

thenext time stepr (t + 2h) andv(t + h) andeliminatingr(t+ 2h) andr(t h) to
get:

v(t) =

r(t+ h) = r(t) + hv(t) + hzan(]t) (3)
v(t+ h) = v(t) + %n(F(t) + F(t+ h) (4)

2.2 Concentric Rings

Now we can approximatenormal spiral galaxiesas at discswith a spherical
centralhuh The centralhubis representedby a single particle at the centreof
the galaxy andthe spiral armsby circular rings of particlesaroundthis central
massmoving in circles.Becauseachparticlein our simulatedsystenrepresents
mary stars(around10P) in reality, we have to introducean extra factorto 'soften’
the gravitationalinteraction.This ensureghatwe don't have unrealisticallylarge
changeof momentumwhentwo particlesapproactcloseto eachother To do
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this we modify the gravitationalforce law to includea softeninglength, e, which
is of the orderof the sizeof the particles(10° stars):

_ g Gmmjr

The testparticlesin concentricrings aboutthe centralhub move in circular
motion. Now sincetheseparticlesrepresentewer starsthanthe centralhub, we
canapproximatehemasmasslesssothey only feel gravitationalattractionto the
centralhub, andnot to eachother Now the velocity of particlesin centripetal
motionis givenby:

v=r w

wheretheradialvelocity, w, undera gravitationalforceis:
s
w; = Gm n
! r(r2+ e2)

from the expressiorfor centripetafforce,Fij = mirwjz. A is a unit vectorpar
allel to theaxisof rotation.Initially, the particleswill berotatingin thex-y plane,
sofi will bein thez-direction.

2.3 Galactic Orbit

In this problem,we areinterestedn how theinteractionof thetwo galaxiedook
asobsered by someoneutsidethe two galaxy Henceit makessensdor usto
usethe zero momentumframe, ratherthan eitherthe frame of one or the other
galaxy With the way we have setupthe problem,usingthe Verlet Method, all
we now needto do is to give the centralmassof eachgalaxyequalandopposite
initial velocities,sincethey will both have the samemass.From Newton's Third
Law, we canthenbe certainthatthetwo galaxieswill have zerototalmomentum,
asno externalforcewill actonthem.



(a) (b)

Figurel: Plotsof the positionof the particles(a) initially and (b) after 10 itera-
tions

3 Implementation

Theproblemwasthenimplementedn Fortran90, usingthe NAG Compilerunder
Linux (andlaterthe GNU Fortran90/95compiler g95). First, asinglering of test
particle moving in a circle abouta stationarycentralmasswasimplementedo

testthe system. Oncethis wasworking, the otherrings wereadded. Thenthe
systemwas given a constantvelocity, to seethat the testrings will still rotate
abouta moving centralmass.Thelistingsfor theseprogramsarein AppendixA

andB. The Fortran90 programoutputsthe position(x- andy-coordinatespf all

the particlesat eachiterationinto separateles. Figurel and2 shaw the plots of

the positionsof the particlesinitially andafter10iterations.

Next thetwo centralmassesveretakenontheirown, to make surethefollow a
paraboligpath. Thelisting isin AppendixC andplotsof theircumulatvepositions
isin Figure3.

Finally, thewhole programwasassembledyith thetwo centralmassmoving
in aparabolicorbit, with initially justonering eachthenextendedo thefull ve
rings. Thefull listing is in AppendixD. Figure4 shavsthe positionsof the galxy
atvarioustimes.In additionthemotionof thegalaxieds availableasananimated
GIF le from http://www.geocities.com/duckling42/

In addition,the programwill alsooutputthe distanceof closestapproachin
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Figure2: Plots of the positionof the particles(a) initially and (b) after 10 itera-
tions
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Figure3: Plot of the cumulativepositionof thetwo galacticcentral mass
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Figure4: Plotsof the positionof the particles(a) initially, (b) after 125iterations,
(c) after 250iterations,and(d) after 375iterations

arbitary units) of the two galaxiesto stdout,and print the positionsof the two
galaxiego asingle,separatee sothatatrackof thetwo galaxiescanbe plotted.

The nal partof theimplementationvas make the programoperatein three
dimensions.Although all the relevant variableshad beeninitiallised with three
componentsthe z-componentvasup until now left aszero. The algorithmasit
standgn Spiral.fo0  , will thereforecopewith the movementof eachparticlein
3D, soit wouldwork if we simply give aninitial z displacementor eithergalactic
centresor aninitial z velocity. However, we have x edthe axis of rotationsof
thetwo galaxiesn the z-direction,andhencethe galacticplanesto the x-y plane.
This is not quite realistic. Althoughreal spiral galaxiesarefairly attened,they
arenotall orientatedhe sameway.

Hence,we have to nd away to orientatethe galaxiessuchthatthe galactic
planecanbein ary arbitaryorientation. This implementatiorof this is two-fold.
First,theinitial positionsof thetestparticlein adisccentredonthegalacticcentre
is determinedSecondtheinitial velocitiesof theseparticleg(movingin acircular
orbit) is determined Theimplementationtakesasits primaryargumentanarbitary
vectorfor theaxisof rotationof the galaxy

Firstly, we retainthe original initialisation proceedure# Spiral.fo0 |, that
generates disc of testparticleson the x-y plane,centredat the origin. Thenwe



Figure5: To rotatetheaxisfromtheinitial orientation(in thepositivez-direction)
to anarbitary direction,we r strotateit by g in they-axis,thenbyf in thez-axis.

rotatethis discto the correctorientationusingrotationmatrices.We cornvert the

axis vect to sphericalpolars. We thenrotateeachtestparticleby Qaxis about
they-axis,andthen f 445 aboutthe z-axis. This is summarisedn Figure5 The

negative signsis becausedhe rotation matricesoperatein a right-wards sense,
whereasve wantto rotatein aleft-wardssense Theserotationeffectively moves

theaxisof theinitial discof testparticles(in the postie z-direction)to thatof our

arbitaryaxisvector The codeto initialise the testparticles'velocity alreadyuse
anaxisvector(w), soit only hadto be modi ed slightly. The nal codeis listed

in AppendixE.



4 Results

4.1 Model Parameters

Firstly, we have to determinean appropriatesofteninglength,e. In writing the
programsup to now, we have kept e at unity, for simplicity, and obtainednot
unrealisticresults. However, we wantto re ne this. The softeninglengthis the
distanceat which the 1=r? force law fails, becaus@ur testparticlesarenot indi-
vidual stars.The'f ailure' of the normalforce law occursbecuaseasthe distance
betweertwo particlesy! 0,theforce,F! ¥. However, inreality, asr! O0,the
starsmakingup thetwo testparticleswould interminglewith eachother andtheir
randommovementswould meanthat the force would remainof 'normal’ mag-
nitude. Therefore,a goodsofteninglengthwould be the extend of a particlein
reality. Starsaretypically separatetby afew parsecsthatis arounds 10t6m. If
we assumehatthe starscomprisingeachparticleareuniformally, andspherically
distributed,thentheradiusof eachparticlewould be the cuberoot of the number
of starsperparticletimesthestellarseparationwhich is of order10*8m, or about
100parsecsfor 10° stars.

We cantake the Milky Way and Andromedagalaxiesastwo typical, neigh-
bouringgalaxieso which our modelcanapproximateThe Milk y Way hasabout
2 10 starswhilst the AndromedaGalaxyhasabouttwice asmuch,andthey
areabout750kpc apart. The Milk y Way is about25 kpc in diameteywhilst An-
dromedas about50 kpc. Our modelgalaxiesareabout20-25'units' apart,with
adiameterof 12 'units’. However, our modelgalaxiescontainonly 120testparti-
clesrepresentind.0° starseach.This meanghatour galaxieshave only ﬁmothe
numberof starsaseitherthe Milky Way or Andromeda.AssumingtrHatLestars

areuniformally distributed,then,the radiusof our galaxiesshouldbe * z55, the
radiusof therealgalaxies.This givesa diameterof 1 kpc, soour unit of lengthis
about80 pc. Therefore the softeninglengthshouldbe aboutl.25units.

Thereis very little differencebetweenthe two softeninglengths. However,
asexpected becausehe maximumforce is smallerfor e = 1:25, the distanceof
closestapproachhetweerthetwo galacticcentreds slightly greateybeing9.268
unitsversus9.239unitsfor e= 1:00.

Next we needto considernwhetherthe time stepis accurateenough.We have
setthe gravitational constantandmassof eachparticleto unity. Now, our unit of
massis of order103°kg, for 10° starsof order10°%g each.Thegravitationalcon-
stantisin reality, of order1l0 m3kg 1s 2. SotogiveG= 1asin oursimulation,
our unit of time mustbe of order10'®s, or about50 million years.

The simulationsdoneso far usesa time stepof 0.3 units, andwe take about
500 iterationsto complete. This meansthat the simulationlasts7 billion years.



The testparticlesorbit the centralmassat a radial velocity of about0.5 unitsfor
theouterring. This meanghey would move about0.15unitspertime step,which
is almostan order of magnitudelessthanthe softeninglength. Thereforeour
currentcon gurationshouldsufce.

4.2 Simulations

The rst simulationwe did with the programwasto have the two galaxiesmove
in a (2D) Spiral orbit. We modi ed the parameterso getthem rst, to have a
closestapproachof 9 units, then 12 units, by changingtheir initial speedsput
keepingtheinitial velocitiesthesame.In the rst instanceshownn in Figure4, the
two galaxiesshow a singledistinctspiralarm,beforecoalescingnto akill of ball
with a groupof starsclusteredo oneside,asin Figure4(d). In the secondcase,
no spiralarmformedatall, but the situationin Figure4(d) occuredrom nearthe
outset.

Next we variedthe closestistancerom 9 to 12 unitsasbefore but by chang-
ing theinitial positionsof thegalaxiekeepingtheirvelocitiesconstantWe found
virtually the sameresultin this case thatis the patternof the testparticlesabout
their centralmasswas nearly the samein both casesalthoughthe pathsof the
galaxiesweredifferent.

If we changedhe parameterso that the galaxiespasswithin about6 units
of eachother thenwe nd two clear if shortlived spiralarms. Closerthanthis,
someof thetestparticlesexplode’ avay from their centralmass.Thisis because
the galaxiescomesoclosethatcentralmassof onegalaxymovesthroughthetest
particlesof another and effectively reversesthe othertestparticlesvelocity, so
thatsomeof them y outwards. This is unrealisticbecausef our modelhasthe
testparticlesashaving no masssothey canonly be attractedo eitherthe central
mass.But, if two realgalaxiescollidedlik e this, all the particlesshouldinteract.

Now, we canseethe spiralarmsmoreclearly if we setthe galaxiesinto an
elliptical orbit aboutoneanother As shavn in Figure6, the galaxiesform spiral
armsin oppositionto eachothet on one half of their orbits abouteachother
whilst the armsappearo be absorbedackfor the otherhalf of the orbits. The
armsbecomemore pronouncehe closerthe two galaxiesgetto eachother The
galaxiesin Figure6 approacho 11.3unitsof eachother

The behaiour of the galaxiesin elliptical orbits shawv thatthey actlike tides
on Earth.Tidesareproduceddy theinteractionof the Moon andSunon sealevel
on Earth. Whenthe Moon, EarthandSunarein alignment,sealevel in the parts
of the Earthfacingthe Moon and Sunis higherthanin the partsperpendicular
to the Sunor Moon. Similarly, the testparticlesof onegalaxyfacingtowardsor
away from the centreof the otherbulgesout, lik e high tide on Earth.However, as
thetwo galacticcentresarein orbit abouteachother this bulge lagsbehinda bit
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Figure6: Thegalaxiesmovingin an elliptical orbit. (a) showsheinitial con gu-
ration. (b) is after 125iterations. Noticethat thetestparticlesthat were initially
facingtowardsor directly awayfromthe oppositegalaxynow bulge out, but lag-
ging someavhat. (c) is after 250 iterations. The bulge now becomeswo spirals.
(d) is after 375iterations. Nowthe spirals havealmostdisappeaed. Later new
spiralswill appear

(Figure6(b)), andthenbecomes spiral arm (Figure 6(c)) asit lagsstill further
behind,until eventually anotherbulge appeargFigure 6(d), andthe rst setof
spiralarmsgetreabsorbed.

Finally we experimentedvith variouscon gurationsfor galaxiesorientedin
ary direction,with almostthe sameresultasfor the 2D case whereboth galatic
planeswere x ed on the x-y plane. Thatis, we found that after moving close
to eachother the galaxiesdevelopeda single spiralarm. Whenwe placedthem
in a elliptical orbit, with the planeof the orbit on the x-y plane,they sometimes
developedtwo spirals,but theresultswerelessclearaswith the 2D case.
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Figure7: 3D Plot of galacticpositions.Thetwo galaxiesare in a parabolic orbit.
(a) Initial, (b) after 125iterations,(c) after 250iterations,(d) after 375iterations.

5 Conclusion

The simulations,althoughcrude,doesshov a way in which the spiral armsof
real galaxiesmay occur The time scaleof the simulation,15 million yearsper
iteration,taking 500iterationis not unreasonablegndshows thata spiral galaxy
canevolve in afew billion years.However, the simulationalsoshows thatasthe
galaxiesmove away from eachother, their spiralarmsgraduallygetreabsorbed,
asthe tidal in uences decrease.In reality, this may not happenbecausemary
galaxiesclustertogether Our own local grouphasabout3000galaxies sothere
will always be somesort of tidal force pulling starsin two (or more) different
directions.Also, realspiralgalaxiesshov morethantwo arms,andthis mayarise
from morecomplicatednteractionghanthatof justtwo galaxies.
Ontheimplementatiorside,the VerletMethodwasstraightforwardto putinto
code whilst Fortran's handlingof arraysmadetheimplementationmoreintuitive.
The mainsorepoint herewasthatthe NAG compiler(in which the programwas
rst compiled)couldhandlearraysof depth¢, 3, (i.e. Array(.,:,:) ), whereaghe
GNU G95compiler(still in alpha!) couldnot. The NAG compileralsogenerated
more ef cient code,with a crudetest usingthe time(1) commandshawing its
executabletaking 20%lesstime thanthe G95 executableona P3.
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The modular step-by-ste@pproachto implementationseemedyood at the
time, but generatedh surfeit of programswhich | thenhadto patchtogetherto
geta working simulation. It saved time deluging eachof the componenparts,
but took time to assembleThelessonhereis perhapghata top down approach,
where everythingwas planned(perhapswith o w diagrams?)from the outset,
would sene better This would minimise the time in front of a computey but
increasdahetime in front of adeskwith penandpaper

The implementatiornto orient the galacticplanesto ary arbitary axis, using
rotation matrices,may not be the mostcomputationallyef cient, but it wasthe
simplest. Nonethelessasit wasonly doneonceper test particle it shouldnot
slow down executiontoo much. An alternatve implementatiormay calculatethe
requiredplanefrom the axis vector thenpositionthe testparticlesappropriately
directly ontothat plane,ratherthangeneratehe positionsfor the x-y planethen
rotatethe positionsas| did. However, | could not nd an algorithmto do the
former

Finally, an extensionto the simulationmay be to add more galaxies,to add
more test particlesto eachgalaxy or to allow the testparticlesto interactwith
someof theirnearesheighboursThe rst andsecondcasemaybetrivially down
by addingmorevariablesalthoughaloop maybeintroducedo initialise the new
test particlesposition, to avoid makingthe programridiculously long from too
mary declarationsThelastmaybeimplementedisingcell lists.
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Appendix
A Galaxy.fo0

This listing produces ve rings of particleswhich move in a circle aboutthe ori-
gin. The programoutputsthe x- and y- coordinatesnto a setof les named
'rNNxyz.plt' whereNN is a numberbetweer0D0 and99. Each le representsne
iteration. The constantsare: G is the gravitional constantM_cent andm_part is
themassof thecentralhub,andnominalmassof thetestparticles- to calculatethe
forcebetweerthemandthecentralhub;h is thetime step;andep is thesoftening
length(e).

rN, VN, FN is the position,velocity, andforce arraysof the Nth ring.

The particlesare initialised at equalanglesapartin polar coordinate,then
their position is corvertedto cartesian. This is simpler than calculatingtheir
cartesianpositionsdirectly. Their velocities were determinedby the function
Init_v(position_array, array_depth) , usingthe methoddescribedn Sec-
tion 2.2.

Therestof the programis aloop over the VerletMethod.
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PROGRAM Ring
IMPLICIT NONE

INTEGER, PARAMETER .

DP=KIND (1.0D0)

REAL (KIND=DP), PARAMETER : pi = 3.141592654,

REAL (KIND=DP) :: r1(3,12), r2(3,18), r3(3,24), r4(3,30), r5(3,36)
REAL (KIND=DP) :: wv1(3,12), v2(3,18), v3(3,24), Vv4(3,30),  Vv5(3,36)
REAL (KIND=DP) : F1(3,12), F2(3,18), F3(3,24), F4(3,30), F5(3,36)
REAL (KIND=DP), PARAMETER : G = 10, Mcent = 1.0, mpart = 1.0
REAL (KIND=DP), PARAMETER : h=0.3, ep =0

INTEGER t, n

r1(1,:) =1, r1(2;) = pil2.0D0

DO n=1, 12; r1(3, n) = (2.0D0*pi/12.0D0O)*
r2(1,:) = 2; r2(2;) = pil2.0D0

DO n=1, 18; r2(3, n) = (2.0D0*pi/18.0D0)*
r3(1,:) = 3; r3(2,) = pi/2.0D0

DO n=1, 24; r3(3, n) = (2.0D0*pi/24.0D0)*
r4(1,) = 4; r4(2,) = pi/2.0D0

DO n=1, 30; r4(3, n) = (2.0D0*pi/30.0D0)*
r5(1,:) = 5; r52,) = pil2.0D0

DO n=1, 36; r5(3, n) = (2.0D0*pi/36.0D0)*
I Corvertto Cartesian

rl = PolToCart (rl, 12)

r2 = PolToCart (r2, 18)

r3 = PolToCart (r3, 24)

r4 = PolToCart (r4, 30)

r5 = PolToCart (r5, 36)

I'Initialise elocities

vl = Init _v(rl, 12)

v2 = Init _v(r2, 18)

v3 = Init v(r3, 24)

vd = Init _v(r4, 30)

v = Init _v(r5, 36)

I Plot initial positions
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Initialise positionswith particlesevenlydistributedaboutcircle.

END DO

END DO

END DO

END DO

END DO



OPEN (20, le="rO0Oxyz.plt, status=replace)

DO n=1, 12; WRITE (20, *) ri(;,n); END DO
DO n=1, 18; WRITE (20, *) r2(:,n); END DO
DO n=1, 24; WRITE (20, *) r3(,n); END DO
DO n=1, 30; WRITE (20, *) r4(,n); END DO
DO n=1, 36; WRITE (20, *) r5(;,n); END DO
CLOSE (20)
I TimeLoop
Do t=1, 99
I Calculatenew positiondueto force
F1 = F(rl, 12); r1 =1rl + h*vl + h®*2*F1 /[ (2*m _part)
F2 = F(r2, 18); r2 =1r2 + h*v2 + h®*2*F2 [ (2*m _part)
F3 = F(r3, 24); r3 =13 + h*v3 + h®*2*F3 /| (2*m _part)
F4 = F(r4, 30); r4 =714 + h*vd + h¥*2*F4 | (2*m _part)
F5 = F(r5, 36); r5 =1r5 + h*vb5 + h®*2*F5 [ (2*m _part)
I Plot new positions
OPEN (20, le =FileName(t),  status=replace)
DO n=1, 12; WwWRITE (20, *) ri(;,n); END DO
DO n=1, 18; WRITE (20, *) r2(;,n); END DO
DO n=1, 24; WRITE (20, *) r3(;,n); END DO
DO n=1, 30; WRITE (20, *) r4(,n); END DO
DO n=1, 36; WRITE (20, *) r5(;,n); END DO
CLOSE (20)
I Calculatenew velocities
vli = vl + h¥(F1 + F(rl, 12)) / (2*m _part)
v2 =v2 + h¥F2 + F(r2, 18)) [/ (2*m _part)
v3 =v3 + h*F3 + F(r3, 24)) [/ (2*m _part)
vd = v4 + h*(F4 + F(r4, 30) / (2*m _part)
vb = v5 + h*F5 + F(r5, 36)) / (2*m _part)
END DO
!
CONTAINS
FUNCTION PolToCart (r, dim)
INTEGER dim
REAL (KIND=DP), DIMENSION(3, dim) PolToCart, r
PolToCart(1,:) =rl,;:) * codqr(3,))
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PolToCart(2,:) rl:)  * sin(r(3,:)
PolToCart(3,:) 0
END FUNCTION PolToCart

FUNCTION Init v (r _t, dim)
INTEGER :: dim
REAL (KIND=DP) : r_mag2(dim), r _t(3,dim), Init  _v(3,dim)
REAL (KIND=DP) : omega2(dim), omega(dim)
r-mag2 = (r _t(1,:)**2 + 1 _1(2,:)**2 + 1 _1(3,))**2)
omega2 = G*Mcent / (sqrt(r _mag2)*(r _mag2 + ep**2))
omega = sqrt(omega2)

Init _v(1,:) = r_t(2,:))*omega
Init  _v(2;:) = -r t(1,:)*omega
Init v3,:) =0

END FUNCTION Init _v

FUNCTION FileName (1)
CHARACTER (10) FileName, ldx
INTEGER ldxTens, IdxUnits, t
ldx = 0123456789’

l[dxUnits =t - (INT(t/10))*10 + 1 I Fortranreally
l[dxTens = (t - ldxUnits + 1) / 10 + 1 I needssomegood
I string manipulation
FileName = r' /| ldx(ldxTens:ldxTens) &
I 1dx(IdxUnits:1dxUnits) II' “xyz.plt'" ! functionsbuiltin!

END FUNCTION FileName

FUNCTION F (r, dim)
INTEGER, PARAMETER : DP=KIND (1.0D0)
INTEGER dim
REAL (KIND=DP), PARAMETER : G=1.0, Mcent=1.0, mpart=1.0,
REAL (KIND=DP), DIMENSION(dim) : r_mag2, F_mag
REAL (KIND=DP), DIMENSION(3, dim) = F, r
r-mag2 = ( r(1,:)*2 + 1(2,:)**2 + 1(3,:)**2 )
Fmag = (G * Mcent * mpart) / (r -mag2 + ep**2)**(L.5)

F1,)) = -r(1,) * F_mag
F2,)) = -r2,) * F_mag
F(3,:) = -r(3,) * F_mag

END FUNCTION F

END PROGRAM Ring
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B MovGlxy.f90

This listing is a modi cation of the previous program(Galaxy.f90 ). It adds
a sectionto initialise the position of the galacticcentralhub to the origin, and
velocity to 0.2 unitspertime stepto theright:

I Initialise galacticcente to origin, with initial rightwardsvelocity

REAL (KIND=DP) : r_g(3)=0, v_g(3)=0
v_g(1)=0.2

Sincethereis nothingactingonthegalacticcentre thereis no needfor aforce
variable. The next changeto Galaxy.fo0  addsstepsto move the centralhubin
thetime loop:

I Plot initial positions

OPEN (20, le ="rO0xyz.plt, status=replace)
WRITE (20, *) r_g()

DO n=1, 12; WRITE (20, *) ri(;,n); END DO
DO n=1, 18; WRITE (20, *) r2(:,n); END DO
DO n=1, 24; WRITE (20, *) r3(,n); END DO
DO n=1, 30; WRITE (20, *) r4(,n); END DO
DO n=1, 36; WRITE (20, *) r5(;,n); END DO

CLOSE (20)

I TimeLoop

DO t=1, 99

I Calculatenew positiondueto force
F1 = F(rl, 12, rg); rl =71l + h*vl + h®2*F1 [/ (2*m _part)
F2 = F(r2, 18, r_g); r2 =12 + h*v2 + h¥*2*F2 [ (2*m _part)
F3 = F(r3, 24, rg);, r3 =r3 + h*v3 + h®2*F3 /| (2*m _part)
FA = F(r4, 30, rg); r4 =714 + h*vd + h¥*2*F4 | (2*m _part)
F5 = F(r5, 36, rg);, r5 =1r5 + h*v5 + h®2*F5 /[ (2*m _part)

I Calculatenew galactic centie position
rg=r_yg+htv_g
I Plot new positions

OPEN (20, le =FileName(t),  status=replace)
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WRITE (20, *) r_g()
DO n=1, 12; WRITE (20
DO n=1, 18; WRITE (20
DO n=1, 24; WRITE (20,
(20
(20

*

>*

>*

DO n=1, 30; WRITE
DO n=1, 36; WRITE
CLOSE (20)

VVJVV
-
w
—~ —~ —~ —~
S5 5 5 55
m
P
W)
O
@]

*

I Calculatenew velocities

vli =vl + h¥(F1 + F(rl, 12, r_g) [/ (2*m _part)
v2 =v2 + h¥(F2 + F(r2, 18, r_g) [/ (2*m _part)
v3 =v3 + h*(F3 + F(r3, 24, r_g) [ (2*m _part)
vdh = v4 + h*(F4 + F(r4, 30, r_g) [/ (2*m _part)
vb = v5 + h*F5 + F(r5, 36, r_g) [/ (2*m _part)

We alsohave to modify theforcefunctionto usethedistancebetweerthetest
particle andthe (moving) centre,denotedin the codeasr_mod, ratherthanthe
distanceo theorigin, denoted .

FUNCTION F (r, dim, r _g)
INTEGER, PARAMETER : DP=KIND (1.0D0)

INTEGER dim

REAL (KIND=DP), PARAMETER : G=1.0, Mcent=1.0, mpart=1.0, ep=1.0
REAL (KIND=DP), DIMENSION(dim) : r_mag2, F_mag

REAL (KIND=DP), DIMENSION(3, dim) = F, r, r_mod

REAL (KIND=DP) = r _g(3)

r_mod(1,) =r(1:) - r_gd

r_mod(2,:) = r(2,) - 1.9

r_mod(3,;:)) = r(3,) - 1.9(3)

r_mag2 = ( r_mod(1,:)**2 + r_mod(2,:)**2 + r_mod(3,)*2 )
F_mag = (G * Mcent * mpart) / (r _mag2 + ep**2)**(1.5)

F(1,:) = -r _mod(1,;) * F_mag

F(2,) = -r _mod(2,;)) * F_mag

F3,) = -r_mod(3;)) * F_mag

END FUNCTION F

Finally, to getthe testparticlesto move alongwith the centrepoint aswell
asorbit, we have to addtheinitial velocity of the system(i.e. v_g), to theinitial
velocitiesof the particles by modifying Init_v
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I Initialise \elocities

vl = Init _v(rl, 12, v_g)
v2 = Init v(r2, 18, v._g)
v3 = Init v(r3, 24, v.g)
vd = Init _v(r4, 30, v_Q)
v = Init _v(r5, 36, v_Q)
CONTAINS

FUNCTION Init v (r t, dim, v_Q)
INTEGER :: dim
REAL (KIND=DP) : r_mag2(dim), r _t(3,dim), Init  _v(3,dim)
REAL (KIND=DP) : omega2(dim), omega(dim)
REAL (KIND=DP) :: v_g(3)
r-mag2 = (r _t(1,:)**2 + 1 _1(2,:)**2 + 1 _1(3,))**2)
omega2 = G*Mcent / (sqrt(r _mag2)*(r _mag2 + ep**2))
omega = sqrt(omega2)

Init _v(1,:) = r_t(2,:))*omega + v_g(1)
Init _v(2,)) = -r t(1,:)*omega + v_g(2)
Init v(3;:)) = vg@)

END FUNCTION Init _v

C Perturb.f90

This programcalculateshe interactionsbetweentwo galacticcentres,ignoring

the testparticles. We againstartwith the previous program,Perturb.f90 , but

strip everythingto do with the testparticles. After initialising the two galaxies
positions(into the upperright andlower left quadrants)andtheir velocities,we

go into thetime loop. We have to modify the force functionto take into account
the secondyalaxy andto ignoretheforce of eachgalaxyonitself.
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PROGRAM Perturbation
IMPLICIT NONE

INTEGER, PARAMETER : DP=KIND (1.0D0)

REAL (KIND=DP), PARAMETER : pi = 3.141592654

REAL (KIND=DP), PARAMETER @ G =1, Mcent =1, mpart =1
REAL (KIND=DP), PARAMETER : h=0.3, ep=1.0

INTEGER @ t

REAL (KIND=DP), DIMENSION (3,2) = Fit, vt r.t Fzth

I Initialise secondyalaxy

rtl12 =7

rt22 =7

rt32 =0

vi(l,2 =-02

vi22 =0

vi3,2) =0

I'Initialise r stgalaxy

rt,1) =-7

rt2,1) =-7

rt3,1) =0

v_t(;,1) = -v 1(;,2)

OPEN (20, le="2GlIxy.plt', status=replace)

DO t=1, 499
Ft = F(r g, 2, rt(,1), r1(:,2)) I F()
rt =rt + hv_t + h*h*F t / (2*m _part) I r(t+h)

I Only outputsevery fth iteration
IF (MODULDO (t,5)==0) THEN

WRITE (20, *) r_t(,1)
WRITE (20, *) r_t(;,2)
ENDIF
Fth = F(r t, 2, rt(,1), r1(:,2)) I F(t+h)
vt = vt + h*F t + Fth) / (2*m _part) I v(t+h)
END DO
CLOSE 20
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CONTAINS

FUNCTION F (r, dim, r_gl, r_g2)
INTEGER, PARAMETER :: DP=KIND (1.0D0)

INTEGER dim

REAL, PARAMETER : G=1.0, Mcent=1.0, mpart=1.0, ep=1
REAL (KIND=DP), DIMENSION(dim) : r _mag2gl, r_mag2g2
REAL (KIND=DP), DIMENSION(dim) : F_maggl, F_magg?2

)
REAL (KIND=DP), DIMENSION(3, dim) : Fgl, Fg2, F, r, rl r2
REAL ( KIND=DP) r_g1(3), r_g2(3)

r.1(1:) = r(1,) - 1_g1(1)
r12:) = 12)) - 1912 I Positionw.r.t. r stgalaxy
r13:) =13 - r_gl@)

r_mag2.gl = r_1(1,:)**2 + r_1(2,:)**2 + r_1(3,:)**2
F_maggl = (G * Mcent * mpart) / (r _mag2.gl + ep**2)**(1.5)

Fgl(1:) = -r 1(1:) * F.maggl

Fgl(2;) = -r 1(2;) * F.maggl

Fgl(3:) = -r 13 * Fmaggl

r2(1;) =r(1,) r_g2(1)

r22;) =12 - rg2?2) I Positionw.r.t. secondyalaxy
r2(3:) =1r(3,) r _g2(3)

r_-mag2.g2 = r _2(1,:)*2 + 1 _2(2,:)*2 + 1 _2(3,:)*2

Fmagg2 = (G * Mcent * mpart) / (r -mag2g2 + ep**2)**(1L.5)
Fg2(1:) = - 2(1:) * F.magg2

Fg2(2:) =- 22 * F.magg2

Fg2(3;:) =- 23 * F.magg2

F=Fgl + Fg2

END FUNCTION F

END PROGRAM Perturbation
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The force function calculateghe force of eachgalaxyon the other but it is

written sothatit canalsobeappliedto thetestparticleswhichwould feelaforce
dueto boththegalacticcentres.

D Spiral.f90

Combiningthe previoustwo programswe get:
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PROGRAM Spiral

IMPLICIT NONE

INTEGER, PARAMETER .

DP=KIND (1.0D0)

REAL (KIND=DP), PARAMETER : G=1.0, Mcent=1.0,

INTEGER t, n

REAL (KIND=DP) r11(3,12), r12(3,18), r13(3,24),
REAL ( KIND=DP) v11(3,12),  v12(3,18), v13(3,24)
REAL (KIND=DP) :: F11(3,12), F12(3,18), F13(3,24)
REAL (KIND=DP) :: 121(3,12), r22(3,18), r23(3,24),
REAL (KIND=DP) :: v21(3,12), v22(3,18), v23(3,24)
REAL (KIND=DP) F21(3,12), F22(3,18), F23(3,24)
REAL ( KIND=DP) r 93,2, vag@32), FJg@372),

REAL (KIND=DP) ::
CHARACTER (10)

g_sep _vec(3),

FileOut

Initialise Galaxypositionsandvelocities

rogl) =7

rog2l) =7

rgB31l =0

rgG2) =-r gl

vg(l,1) = -0.

vgel =0

vg@sl =0

vo(2 =-v.(l)

Fg =
CalculatesGalacticsepaation

g_-sep_vec =r_g(,1)

g-sep = sqrt(g _sep _vec(1)**2

- 1.9(.2)

+ g_sep _vec(2)**2

mpart=1.0,

114(3,30),
. v14(3,30),
. F14(3,30),

124(3,30),
. v24(3,30),
. F24(3,30),
h=0.3

g-sep, g._sep_dummy

Initialise Ring positionsandvelocities

ril
r12
r13
ri4
ri5
vil
v12
v13

Init
Init
Init
Init
Init
Init
Init
Init

T (12,
T (18,
(24,
_r (30,
I (36,
v (12,
v (18,
v (24,

+ g_sep _vec(3)**2)

ep=1.25

115(3,36)
v15(3,36)
F15(3,36)
125(3,36)
v25(3,36)
F25(3,36)



vi4 = Init v (30, rl4, v_g(,l1

vli5 = Init v (36, rl5, v_g(,1

rRl = Init r (12, 2, r_g(

r22 = Init r (18, 3, r_g(

r23 = Init r (24, 4, r_g(

r24 = Init r (30, 5 r_g(

r25 = Init r (36, 6, r_g(

v2l = Init v (12, r21, r_g(;,2) v_g(;,2)

v22 = Init v (18, r22, r _g(.2), v_g(,2)

v23 = Init v (24, 123, r _g(.2), v_g(,2)

v24 = Init v (30, r24, r _g(.,2), v_g(,2)

v25 = Init v (36, r25, r_g(,2), v_g(;,2)

OPEN (20, le="rO0Oxyz.plt, status=replace)
WRITE (20, 10) r _g(;,1), r_g(;,2)
DO n=1, 12; wRITE (20, 10) rl11i(;,n); END DO
DO n=1, 18; WRITE (20, 10) rl12(;,n); END DO
DO n=1, 24; WRITE (20, 10) r13(;,n); END DO
DO n=1, 30; WRITE (20, 10) rl14(;,n); END DO
DO n=1, 36; WRITE (20, 10) r15(;,n); END DO
DO n=1, 12; wRITE (20, 10) r21(;,n); END DO
DO n=1, 18; WRITE (20, 10) r22(;,n); END DO
DO n=1, 24; WRITE (20, 10) r23(;,n); END DO
DO n=1, 30; WRITE (20, 10) r24(;,n); END DO
DO n=1, 36; WRITE (20, 10) r25(;,n); END DO

CLOSE (20)

I WritesGalacticcente positionto sepaate le

OPEN (30, le="perturbplt', status=replace)
DO n=1, 2; WRITE (30, *) r_g(,n); END DO

DO t=1, 499

I Galaxiespositions
Fg=Frg 2 ryg)

rg=rg+hv._g+ h*2*F g/ (2*m _part)
I RingsPositions

F11 = F(r11, 12, r_Q)
ril =rll + h*v11 + h¥*2*F11 [/ (2*m _part)
F12 = F(r12, 18, r_g)
rl2 =rl2 + h*v12 + h¥*2*F12 [ (2*m _part)
F13 = F(r13, 24, r_g)
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ri3 =ri3 +
F14 = F(rl4,
ri4 =rl4 +
F15 = F(r15

ri5 =r15 +
F21 = F(r21,
21 =r21 +
F22 = F(r22,
22 =r22 +
F23 = F(r23,
23 =r23 +
F24 = F(r24,
24 =r24 +
F25 = F(r25,
25 =1r25 +

IF (MODULDO (t,5)

h*v13 + h**2*F13
30, r_g)
h*vl4 + h**2*F14
36, r_Q)
h*vl5 + h**2*F15

12, r_g)
h*v21 + h**2*F21
18, r_g)
h*v22 + h**2*F22
24, Q)
h*v23 + h**2*F23
30, r_g)
h*v24 + h**2*F24
36, r_Q)
h*v25 + h**2*F25

) THEN

(2*m _part)
(2*m _part)

(2*m _part)

(2*m _part)
(2*m _part)
(2*m _part)
(2*m _part)

(2*m _part)

FileOut = FileName(t/5)
OPEN (20, le =FileOut, status='replacey
DO n=1, 2; WRITE (20, 10) r _g(;,n); END DO
DO n=1, 12; wRITE (20, 10) rl11i(;,n); END DO
DO n=1, 18; wWRITE (20, 10) rl12(;,n); END DO
DO n=1, 24; WwWRITE (20, 10) rl13(;,n); END DO
DO n=1, 30; WRITE (20, 10) rl14(;,n); END DO
DO n=1, 36; WRITE (20, 10) r15(;,n); END DO
DO n=1, 12; wRITE (20, 10) r21(;,n); END DO
DO n=1, 18; WwWRITE (20, 10) r22(;,n); END DO
DO n=1, 24; wWRITE (20, 10) r23(;,n); END DO
DO n=1, 30; WRITE (20, 10) r24(;,n); END DO
DO n=1, 36; WRITE (20, 10) r25(;,n); END DO
CLOSE (20)
DO n=1, 2; WRITE (30, *) r_g(,n); END DO

ENDIF

I Galaxiesvelocities
vg=vg+h*(F_g+Frag 2 rg) / (2*m_part)
I Ringsvelocities

vil = vl1l + h¥(F11 + F(r11, 12, r_g) / (2*m _part

vi2 =v12 + h*F12 + F(r12, 18, r_g)) [/ (2*m _part

vli3 = v13 + h¥F13 + F(r13, 24, r_g) / (2*m _part

vid = vl14 + h¥(F14 + F(r14, 30, r_g) / (2*m _part

26



10

v15

v21
v22
v23
v24
v25

v15

v21
v22
v23
v24
v25

+ h*(F15 + F(rl5, 36, r_g) / (2*m _part)
+ h*(F21 + F(r21, 12, r_9)) [/ (2*m _part)
+ h*(F22 + F(r22, 18, r_g) [/ (2*m _part)
+ h*(F23 + F(r23, 24, r) [/ (2*m _part)
+ h*(F24 + F(r24, 30, r) / (2*m _part)
+ h*(F25 + F(r25, 36, r_g) / (2*m _part)

I Findsdistanceof closestapproac

gsepvec =r_g(:l) - r_g(,2

g_sep _dummy = sqrt(g _sep _vec(1)*2  + g_sep_vec(2)**2  + g_sep _vec(3)**2)

IF (g sep > g_sep _dummy) THEN
g-sep = g.sep _dummy

END IF
END DO
CLOSE(30)

PRINT *,

CONTAINS

FORMAT (F25.13, F25.13, F24.13)

“ClosestApproach:”, g_sep

FUNCTION F(r,

dim, r_g)

INTEGER dim

r_1(1,
r_1(2,
r_1(3,

REAL (KIND=DP), DIMENSION(dim)
REAL (KIND=DP), DIMENSION(3, dim) Fgl, Fg2, F,
REAL (KIND=DP) : r_g(3,2)
r(1,:) - r_g(1,1)
r2,) - 1.g(2,1)
r(3,:) - 1.9(3,1)
+ r_1(2,))*2 + r _1(3,))*2

)
)
)
r_mag2.gl = r_1(1,:)**2

r

F_maggl = (G * Mcent * mpart) / (r _mag2gl + ep**2)**(1.5)

F_gl(1
F_01(2
F_01(3,

2(1,
2(2,
23,

r _mag

")
)
)

)
)
)
292

r1(1,;) * F_maggl
-+ 1(2,) * F_maggl
r 13,;) * F.maggl

I(
I(
(

r

1) - 1912
2! ) - r _g(2,2)
3, ) - I _g(3,2)
2

F2L)%2  + 122072+ r1.2(3,)"2
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F_magg2 = (G * Mcent * mpart) / (r _-mag2.g2 + ep**2)**

Fg2(1:) =-r 21 * F.magg2
Fg2(2:) =- 22 * F.magg2
Fg2(3:) =- 23 * F.magg2

F=Fgl + Fg2

END FUNCTION F

FUNCTION Init _r (dim, radius, r_g)
REAL (KIND=DP), PARAMETER : pi = 3.141592654
INTEGER n, dim, radius
REAL (KIND=DP) : r(3, dim), Init (3, dim), r_g(3)

r(1,:) = radius
r2,) = pil2.0D0
DO n=1, dim
r(3, n) = (2.0D0*pi/dim)*n
END DO
Init  _r(1,:) =rl,;:) * codgr(3,)) + 1 _g(1)
Init  _r(2,:) =r(,;:) * sin(r(3,)) + 1 _g(2)
Init r3,;) =r_g(@3)

END FUNCTION Init _r

FUNCTION Init v (dim, r, r_g, v_.Q)
INTEGER dim
REAL (KIND=DP) : r(3, dim), Init _v(3, dim), v_g(3),
REAL (KIND=DP) :: omega(dim), r_mag2(dim), omega2(dim)

r dummy(1,:) = r(1,) - 1_g(0)
r_dummy(2;;) =12 - r_g@
r _dummy(3,;:)) = r(3,) r_g(3)

(1.5)

r9(3),

r_mag2 = (r _dummy(1,)*2  + r_dummy(2,:))**2  + r_dummy(3,:)**2)

omega2 = G*Mcent / (sqrt(r _mag2)*(r _mag2 + ep**2))
omega = sqrt(omega2)

Init _v(1,:) = r_dummy(2;)) * omega + v_g(1)
Init _v(2,)) = - r_dummy(l,:) * omega + v_g(2)
Init _v(3,)) = v_g(@3)

END FUNCTION Init v
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FUNCTION FileName (1)
I Fortran coulddo with somethindike sprintf!

CHARACTER (10) FileName, ldx

INTEGER ldxTens, IdxUnits, t

ldx = 0123456789’

ldxUnits =t - (INT(t/10))*10 +1

ldxTens = (t - ldxUnits + 1) / 10 + 1

FileName = ‘r'/lldx(ldxTens:ldxTens)/ldx(ldxUnits:Id xUnit s)ll - “xyz.plt'
END FUNCTION FileName

END PROGRAM Spiral
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E 3DSpiral.fo90

Thislisting modi es theprevious(Spiral.fo0 ) to orienttheplaneof thegalaxies
in ary arbitarydirection. It rsts initialisesanaxisvector theninitialisesthetest
particles'positionandvelocitieswith respecto this axis. This listing only shavs
themodi cationsto theinitialisationfunctionsto changehe planeof thegalaxies,
asthe mechanicof the porgram (i.e. the mainloop andVerlet Method)remains
unchangedbecausehey alreadymake useof 3D vectors.
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REAL (KIND=DP) ::

axis(3,2)

I Setaxisof rotationof testparticlesin ead galaxy

axis(1,1) =1
axis(2,1) =0
axis(3,1) =1
axis(1,2) =1
axis(2,2) =1
axis(3,2) =0
Initialise Ring positionsandvelocities
ril = Init r (12, 2, r_g(,1), axis(:,1))
r1i2 = Init r (18, 3, r_g(,1), axis(:,1))
ri3 = Init r (24, 4, r_g(,1), axis(;,1))
ri4 = Init _r (30, 5, r_g(,1), axis(;,1))
rl5 = Init r (36, 6, r_g(,l), axis(;,1))
vil = Init v (12, rl1, r_g(.,1), v_g(,1), axis(:,1))
vi2 = Init v (18, rl12, r _g(.1), v_g(,1), axis(:,1))
vi3 = Init v (24, r13, r_g(.,1), v_g(,1), axis(:,1))
vid = Init v (30, rl4, r_g(;,1), v_g(,1), axis(:,1))
vi5 = Init v (36, rl5 r_g(.,1), v_g(,1), axis(:,1))
r2l = Init r (12, 2, r_g(;,2), axis(;,2))
r22 = Init r (18, 3, r_g(;,2), axis(;,2))
r23 = Init r (24, 4, r_g(;,2), axis(;,2))
r24 = Init _r (30, 5, r_g(,2), axis(;,2))
r25 = Init _r (36, 6, r_g(,2), axis(:;,2))
v2l = Init v (12, r21, r_g(.,2), v_g(:;,2), axis(:,2))
v22 = Init v (18, r22, r_g(.2), v_g(:;,2), axis(:,2))
v23 = Init v (24, 23, r _g(.2), v_g(:,2), axis(:,2))
v24 = Init v (30, r24, r _g(.,2), v_g(:,2), axis(:,2))
v25 = Init v (36, r25, r_g(,2), v_g(:;,2), axis(:,2))
CONTAINS

FUNCTION Init _r (dim, radius, r_g, axis)
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REAL (KIND=DP), PARAMETER : pi = 3.141592654, zero =0
INTEGER n, dim, radius

REAL (KIND=DP) : r(3, dim), Init (3, dim), r_g(3)

REAL (KIND=DP) : axis(3), phi, theta

r(1,:) radius
r2,:) pi/2.0D0

DO n=1, dim
r(3, n) = (2.0D0*pi/dim)*n
END DO

I CorvertsPolar to Cartesian

it r(1,) =rl) * codr(3,))
Init _r(2;) =) * sin(r(3,))
Init  _r(3,:) =0

I Calculateanglesof rotation
theta = acogaxis(3) / sqgrt(axis(1)**2 + axis(2)**2 + axis(3)**2))
IF (axis(1) >O0E-05) THEN !

phi = atan(axis(2) / axis(1)) I Div by zewo
ELSE !

phi = pi / 2.0D0
END IF
r1;) = Init _r(1;:)* cog-theta) - Init  _r(3,;))*  sin(-theta) I cos 0 -sin
r2,) = Init  r(2,) !
r3,:) = Init _r(1;)*  sin(-theta) + Init  r(3,:)* cog-theta) I sin 0 cos
Init _r(1,;) = r(1:)* codg-phi) + r2,)* sin(-phi) + r_g(1) I cossin 0
Init _r2,;) = -r(1,)* sin(-phi)  + r(2,)* cog-phi) + r_g(3 !
Init r3,;) =13 +r_g@ !

END FEUNCTION Init _r

FUNCTION Init v (dim, r, r_g, v_.g, v_axis)
INTEGER dim

-sincos 0

REAL (KIND=DP) @ r(3, dim), Init _v(3, dim), v_g(3), r_g(3), r_dummy(3, dim)

REAL (KIND=DP) : r_mag2(dim), omega2(dim)
REAL (KIND=DP) : v_axis(3), axis _norm(3), omega(3, dim)

r dummy(1,:) = r(1,) - 1_g(0)
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r _dummy(2,:)
r _dummy(3,:)

) - rg@
@) - rg@

r_mag2 = (r .dummy(1,:)*2  + r_dummy(2,:))**2  + r_dummy(3,:)**2)
omega2 = G*Mcent / (sqrt(r _mag2)*(r _mag2 + ep**2))

r
r

axis _norm = v_axis / sqrt(v _axis(1)**2 + v_axis(2)**2 + v_axis(3)**2)

omega(l,:) = sqrt(omega2) * axis _norm(l)
omega(2,)) = sqrt(omega2) * axis _norm(2)
omega(3,:)) = sqrt(omega2) * axis _norm(3)

I'v=r crossomaa
o= i(royw.z-rzwy) - j(r xw.z - r.zw.x) + K(r-xw.y - r_yw.x)

Init  _v(1,:) = r_dummy(2,:)*omega(3,:) - 1 _dummy(3,:)*omega(2,:) + v_g(1)
Init  _v(2,)) = - r_dummy(1,:)*omega(3,:) + r _dummy(3,:)*omega(l,:) + v_g(2)
Init _v(3,)) = r_dummy(1,:)*omega(2,:) - 1 _dummy(2,:)*omega(1,:) + v_g(3)

END FUNCTION Init _v
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